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Abstract
We report the measurement of the a-axis fluctuation conductivity in zero field
for Bi2Sr2CaCu2O8+x microcrystals. A complete geometrical characterization
allows us to determine the absolute value of the excess conductivity and
its temperature behaviour with high accuracy. A careful application of the
complete fluctuation theory (Varlamov et al 1999 Adv. Phys. 48 655), which
implements a minor correction for the k̃ factor and a suitable procedure for
disentangling the influence of the different fit parameters, shows that data
interpretations excluding the Maki–Thompson (MT) process are either not
consistent with the crystal structure or not self-consistent. On the other hand, a
data interpretation including the MT process appears to be both self-consistent
and consistent with experimental measurements of the electron dephasing time
τφ performed in other metallic or semiconducting systems. According to the
latter scheme, the anomalous MT term could be a very important contribution
to the excess conductivity throughout the temperature range of interest and thus
the s-wave symmetry becomes an important component of the order parameter
above Tc.

1. Introduction

The additional contribution to the normal state conductivity due to Cooper pairs formed above
Tc (�σ , also called paraconductivity or excess conductivity) was theoretically investigated
for the first time by Aslamazov and Larkin (AL) [1], who obtained for 2D systems �σ 2D

AL =
e2/(16h̄dε), where ε = (T − Tc)/Tc and d is the thickness of the 2D layer. Soon after,
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Maki and Thompson (MT) [2, 3] calculated two other leading contributions (one regular and
one anomalous) to the paraconductivity, showing that decayed pairs can scatter on an impurity
potential as though they were still paired, due to time-reversal symmetry. These contributions
explained the experimental data for low Tc superconductors fairly well [4].

With the appearance of the high-Tc superconductors, it was soon recognized that
thermodynamic fluctuations were responsible for the smoothing of the transition in these
systems [5], but a debate arose on the role of the MT contributions, which were initially not
detected. From the theoretical point of view, the importance of the layered superconductor
model by Lawrence and Doniach [6] was greatly enhanced by the crystallographic structure
of high-Tc superconductors. Moreover, Dorin et al [7] pointed out the necessity of taking
into account the fact that electrons involved in fluctuating pairs cannot contribute to ordinary
conductivity, therefore suppressing the quasiparticle density of states (DOS). Recently, a
comprehensive model consisting of the AL, the MT and the DOS terms was formulated for
the paraconductivity both in the absence and in the presence of a magnetic field, including also
a slight modification in the numerical coefficient for the anomalous MT term [8, 9].

On the experimental side, the relative importance of each contribution has long been
debated. The leading role of the AL contribution is presently usually accepted and the DOS
term is believed to be a comparable correction whose importance decreases with increasing the
sample doping or the material isotropy [10–12].

As regards the MT terms, during recent years most authors have either explained their
data in a framework where the MT contributions were absent or have reported them to be
unfit or negligible, both for polycrystalline [5, 13, 14] and for single crystal samples [15–22].
Also, in the experiments focused on the paraconductivity effects in a magnetic field, the
MT terms have often been omitted in the data interpretation due to the fact that they were
presumed to be very small or that they proved to be inconsistent with the experimental
results [12, 18, 23–25]. Nevertheless, some slight evidence for the necessity of also
considering these contributions in order to obtain a satisfactory explanation both of the in-
field paraconductivity [26, 27] and of the NMR relaxation rate [28] measurements was already
present. After the importance of the DOS term was well understood, a more careful analysis of
the in-field paraconductivity data including also the DOS suppression effect could not exclude
the presence of the MT process in previous experiments, therefore putting the conclusions
against it back into consideration [29]. Since then, the role of the MT terms has been
rediscovered and several paraconductivity experiments have been interpreted, also including
these terms as essential for a quantitative agreement with the theory. Most of them have
been performed in a magnetic field [10, 11, 30–33], but some also in zero field [32, 34].
All of them share the conclusion that the MT terms are only slightly important. This is
expected for in-field experiments, since the MT process is believed to be strongly suppressed
by the magnetic field, but it has not to be necessarily the same for the zero-field experiments,
depending on the microscopic characteristics of the systems under study. Interestingly, the
debate about the role of the MT process also has an implication from the point of view of
the symmetry of the order parameter. In fact, among the above-mentioned contributions to
the paraconductivity, these are the only ones that should vanish in case of a pure d-wave
symmetry [9, 28].

The purpose of the present work is to contribute to this debate by adding accurate
experimental data taken in zero field on very good microscopical Bi2Sr2CaCu2O8+x (Bi-
2212) crystals. It will be shown that, besides more traditional frameworks excluding the MT
contributions, a data interpretation where the MT anomalous term is the most important one
throughout the whole temperature range of validity of the fluctuation model is both possible
and reasonable.
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Table 1. Relevant sizes for samples WI3B 1 and WI3C 1. L is the total crystal length, �x is
the distance between midpoints of voltage contacts, W is the crystal width and t the thickness.
WI3C 1(a) and WI3C 1(b) refer to the two parts in which the growth step divides the crystal
longitudinally (see text).

Sample L (μm) �x (μm) W (μm) t (μm)

WI3B 1 1486.3 ± 02.8 300 ± 3 6.35 ± 0.26 1.10 ± 0.08
WI3C 1(a) 1499 ± 23 129 ± 8 3.26 ± 0.15 0.680 ± 0.021
WI3C 1(b) 2.86 ± 0.13 0.758 ± 0.024

2. Experimental details

Our experiment was performed by using microscopic whisker-like Bi-2212 single crystals
grown by the method of glassy plate oxygenation. These crystals grow with the a-axis aligned
with the length direction, the b-axis in the width direction and the c-axis along the thickness.
Typical crystal sizes are 1 mm in length, 10 μm in width and 1 μm in thickness and it has
already been demonstrated that this kind of sample shows a considerably lower density of
defects in comparison with bulk ones [35, 36].

It is well known that in Bi-2212 the oxygen diffusion occurs essentially in the ab-plane
with the highest rate along the a-axis direction [37], which is also the direction with the largest
crystal size, and it has also been shown that the copper ion diffusion takes place along the b-
axis direction on a timescale of tens of days at ordinary environmental conditions [38]. These
facts make it very likely that in freshly grown Bi-2212 whiskers the small volumes intended for
the investigation of the excess conductivity (maximum size of about 300 × 6 × 1 μm3 in the
present study) are homogeneous from the point of view of the oxygen doping and of the copper
ion concentration.

Eleven freshly grown crystals were mounted onto sapphire substrates and silver plus gold
electrodes were evaporated onto their top surfaces to obtain a chip suitable for standard four-
probe resistivity measurements. The details of the sample preparation have been reported in
a previous paper [39] and resulted in a typical contact resistance ≈2 �, corresponding to a
specific resistance ≈10−6 � cm2.

Since we were interested in the absolute measurement of the paraconductivity, much
attention was paid to the sample geometrical characterization. All sizes in the length direction
were measured by means of SEM comparisons with calibrated standards, while crystal widths
and thicknesses were measured by scanning the crystal length in a series of AFM maps, each
of them about 22 ×22 μm2. This procedure, along with the electrical characterization, allowed
us to select very regularly shaped single phase crystals for further analysis. At the end of this
stage only two nearly perfect samples survived, corresponding to two slightly different (7–8 ◦C)
growth temperatures [39]. Their sizes are reported in table 1: one sample (WI3C 1) shows a
78 nm growth step, so that its cross section corresponds to two neighbouring rectangles. It
should be noted that the uncertainties in the thickness are quite large, even if care was taken
to exclude the regions corresponding to some submicron droplet-like impurities located on the
top of the crystals [39]. Actually, the uncertainties in the sample geometry (≈10%) are the
major sources of error for this study and a suitable procedure was developed to overcome this
problem, as will be explained below.

Figure 1 shows the temperature behaviour of the resistivity along the a-axis (ρa) for the
two samples. The resistivity was obtained by four-probe voltage measurements considering the
distance between the electrode midpoints. In fact, the analytical treatment by Esposito et al
[40] has shown that the disentanglement of the in-plane (ρab) and out-of-plane (ρc) resistivity
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Figure 1. Temperature behaviour of the resistivity ρa in the a-axis direction for samples WI3B 1
(curve (a),•) and WI3C 1 (curve (b),◦). The feeding currents were I = 1μA for sample WI3B 1
and I = 2 μA for sample WI3C 1. The vertical error bars associated with each data point are not
shown for clarity. The inset shows the reciprocal of the paraconductivity �σ as a function of the
temperature. Solid lines in the inset represent the fits to the pure 2D AL formula.

components occurs for L � π
√
ρc/ρab t , which is within our experimental range, and the

corresponding relative corrections for our samples are below 4×10−7, which can be neglected.
The measurements were collected on sample warming in steps of 0.5 K every 130 s; no care
was taken to exclude the Earth’s magnetic field. The average of the readings collected in ten
subsequent current reversals at the rate of ≈1 Hz was performed in order to cancel the thermal
emfs, with a temperature stability for the sample of ±0.01 K during each reading cycle. A
conservative estimate of the absolute voltage error gave 60 nV, corresponding to a maximum
relative error of about 0.2% in the temperature range used for the paraconductivity analysis.

3. Data analysis and discussion

The first step in studying the paraconductivity �σ(T ) = 1/ρa(T ) − 1/ρn
a (T ) is the

determination of the normal resistivity ρn
a (T ), which is commonly supposed to be linear in

T (see, for instance, [14, 18, 41]). The validity of this behaviour down to Tc is suggested
by the relatively low value of the Debye temperature 
D ≈ 255 K for Bi-2212 [42], which
implies a ratio Tc/
D ≈ 0.3. The approximation implied by this assumption has been avoided
in many experiments by measuring the in-field paraconductivity �σ(B, T ) = 1/ρa(B, T ) −
1/ρa(0, T ) [10–12, 18, 22, 24–26, 29–33], but this is not wise when trying to investigate the
importance of the MT contribution, because of its suppression induced by the magnetic field.
Moreover, it has been recently reported by Kim et al [32] that the simple assumption of a linear
T -dependence for ρn

ab(T ) leads to a measurement of �σ(T ) which is fully compatible with
the in-field data �σ(B, T ) and that both of them can be accounted for by the same set of
microscopic parameters.

By taking the derivative of our ρa(T ) data, no deviation from linearity was detected down
to T ≈ 160 K, below which only a downwards curvature was observable. For prudential
reasons, we chose to define the normal resistivity ρn

a (T ) as the low temperature extrapolation
of the best linear fit for the experimental data corresponding to T > 210 K. All the analyses
were repeated also for linear fits down to 160 K and, consistently, no significant difference was
found.
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As a first approach to account for our data we used the pure 2D AL law, which gives
(�σ 2D

AL)
−1 ∝ (T − Tc)/Tc for T � Tc. The part of the paraconductivity data corresponding

to the temperature range near Tc is shown in the inset of figure 1 in the form of its reciprocal
�σ−1(T ): it is apparent that the 2D AL law can explain the data in a very limited temperature
range of about 4 K only for both samples. Since (�σ 2D

AL)
−1 = 0 for T = Tc, by extrapolating

to zero the best fits one obtains Tc = 77.9 ± 0.6 K and Tc = 76.1 ± 0.6 K for samples
WI3B 1 and WI3C 1, respectively. These results will be used in the following as a preliminary
estimate of the Tc of each sample. One can also note that in this simple model the slope of
�σ−1(T ) is related to the thickness d of the isolated 2D superconducting layer, so that d can
be deduced from the experimental data. This results in d = 6.7±0.6 Å and d = 4.1±0.4 Å for
samples WI3B 1 and WI3C 1, respectively, implying a sample-dependent thickness of the
superconducting layer.

According to the more advanced thermodynamical fluctuation theory in zero field [8, 9],
the paraconductivity �σ(T ) consists of four different contributions:

�σ = �σAL +�σDOS +�σ
(an)
MT +�σ

(reg)
MT , (1)

where

�σAL = e2

16h̄s

1√
ε (ε + r)

(2)

�σDOS = − e2

2h̄s
k ln

(
2√

ε + √
ε + r

)
(3)

�σ
(an)
MT = e2

4h̄s
(
ε − γφ

) ln

( √
ε + √

ε + r√
γφ + √

γφ + r

)
(4)

�σ
(reg)
MT = − e2

2h̄s
k̃ ln

(
2√

ε + √
ε + r

)
. (5)

Here s is the spacing of the 2D superconducting layers in the c-axis direction, ε = ln(T/Tc) is
the reduced temperature, r(T ) = −2J 2τ 2a/h̄2 is the anisotropy parameter, γφ(T ) = −τa/τφ
is the phase-breaking rate and

k(T ) =
−ψ ′

(
1
2 + h̄

4πτkBT

)
+ h̄

2πτkBT ψ
′′ ( 1

2

)
π2a

,

with J as the hopping energy between neighbouring layers, τ the quasiparticle scattering time,
τφ the single electron phase-breaking time, ψ(x) the digamma function and a given by the
equation

a(T ) =
[
ψ

(
1

2
+ h̄

4πτkBT

)
− ψ

(
1

2

)
− h̄

4πτkBT
ψ ′

(
1

2

)]
.

For k̃ we used the value calculated by Larkin and Varlamov in [9]:

k̃(T ) =
−ψ ′

(
1
2 + h̄

4πτkBT

)
+ ψ ′ ( 1

2

) + h̄
2πτkBT ψ

′′ ( 1
2

)
π2a

.

The only independent parameters of the theory are s, J , τ and τφ ; besides, from an
experimental point of view, the effect of the variation of the Tc value must also be carefully
examined, to take into account the broadness of the transition.

In order to achieve the numerical sensitivity necessary for the analysis with such a
complex model, the identification of a proper random error with the minimum possible size
is crucial. Therefore our analysis was not performed on the paraconductivity itself �σ(T ),
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which has a large error of about 10% almost completely due to the geometrical uncertainties
and therefore temperature independent, but on the non-normalized paraconductivity�σ ′(T ) =
�σ · S/(I�x) (S is the sample cross section), which shows a random error varying between
0.5% and 1.3% in the temperature range used for the analysis. Only subsequently were the
results translated to the values for �σ , when necessary. It should be noted that, strictly
speaking, the temperature behaviour of �σ ′(T ) is not exactly the same as �σ(T ) because of
the temperature dependences of S and �x , which are due to the thermal expansion. However,
an estimate based on the linear expansion coefficients measured in [43] gives for the relative
difference between the two quantities a maximum value of 0.15% throughout the temperature
range used in the analysis. Therefore it can be stated that, within our experimental accuracy,
�σ ′(T ) retains all the information concerning the temperature behaviour of �σ(T ).

For the sake of accuracy, we implemented in our analysis the general intermediate case of
the theory, avoiding restricting ourselves to the case either of the dirty limit (4πτkBT/h̄ � 1)
or of the clean limit (4πτkBT/h̄ � 1). This required the digamma function ψ(x) to be
tabulated in steps of 10−4 in order to guarantee fully satisfactory results.

By inspecting the paraconductivity expressions shown in equations (2)–(5), it can be noted
that Tc acts as a normalization factor for the abscissa axis through the definition of ε, while s
does the same for the ordinate axis, since it can be factorized in all the terms. This suggests
a correlation between s and Tc, implying that a good procedure for the fits consists in fixing
a priori these two scale factors while leaving all the other parameters free. Therefore, as a
general procedure, we selected a proper temperature range of the experimental data, fixed s
close to the expected values and Tc close to the estimated values, and then performed the fit
to �σ ′(T ) determining the best fit values of the J , τ and τφ parameters, together with the
corresponding minimum value of the reduced chi square χ̃2. By systematically varying s and
Tc, in principle this procedure was able to obtain the contour lines of the minimum χ̃2 and of
the best fit values of J , τ and τφ in the (s, Tc) plane for each sample.

The MINUIT routines were used to carry out the χ̃2 minimization by means of both the
gradient and the Monte Carlo method, in order to be aware of both the local and the absolute
minima in the parameter space. Actually, when two practically equivalent χ̃2 minima were
present, only the one corresponding to the shortest τφ was selected for conservative reasons, so
that all the fits satisfy the double criterion of both the least χ̃2 and the least τφ .

As a first attempt to account for the experimental data within the thermodynamical
fluctuation theory, we tried to follow the scheme of previous experiments which excluded or
neglected the presence of the MT contributions [5, 12–21, 23–25]. Therefore we tried to fit the
experimental data to the truncated formula,

�σ = �σAL +�σDOS, (6)

while retaining the same definitions for all the other quantities, including r and k, which are
valid for the general intermediate case. Of course, this choice implied eliminating the τφ
parameter from the minimization procedure because it is involved only in the �σ(an)

MT term.
The preliminary trials, performed with the general fitting procedure previously described,

showed that in this approximation there is a very strong dependence of χ̃2 on the s values and
that no reasonable value of χ̃2 was achievable neither in the s ≈ 15 Å nor in the s ≈ 5 Å region.
Therefore, to find the s values for which a reasonable χ̃2 could be obtained, we slightly modi-
fied our standard procedure by allowing s to vary as a free parameter and performed a scanning
of the Tc axis by fixing its values in the range indicated by the pure 2D AL law. The correspond-
ing results for χ̃2 and for the s, J and τ parameters are shown in figure 2 as a function of Tc.

It is clear from figure 2 that acceptable values for χ̃2 could be found for both samples.
Labelling as χ̃2

min the value of the absolute minimum of χ̃2, we defined the minimum region
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Figure 2. Behaviour of χ̃2 (——), s (— · · —), τ (— · —) and J (——) as a function of Tc for
samples WI3B 1 (a) and WI3C 1 (b) obtained by fitting the experimental data to equation (6) in the
general intermediate case. χ̃2, s and τ values are referred to the left axis, J is referred to the right
axis. Panel (b) shows the values of τ divided by a factor of 2 for graphical reasons.

Table 2. Best fit parameters corresponding to the fit of experimental data of both samples to
equation (6) in the general intermediate case. χ̃2

min indicates the absolute minimum of χ̃2, where
χ̃2 = χ2 d.o.f. and d.o.f. = 10 for sample WI3B 1 and d.o.f. = 9 for sample WI3C 1 (d.o.f.
stands for degrees of freedom).

Sample Tc (K) χ̃2
min s (Å) τ (10−14 s) J (K)

WI3B 1 78.26 ± 0.05 0.18 0.47+0.02
−0.04 0.46+0.19

−0.06 650+20
−60

WI3C 1 75.72 ± 0.22 0.17 0.17+0.07
−0.04 1.2+0.6

−0.8 510+130
−20

of χ̃2 as the Tc values where χ̃2 � 2χ̃2
min. Therefore, the Tc of each sample was defined as

the centre of the χ̃2 minimum region and the corresponding uncertainty was assumed as its
half-width. This resulted in Tc = 78.26 ± 0.05 K and Tc = 75.72 ± 0.22 K for samples
WI3B 1 and WI3C 1, respectively. The estimates of s, τ and J were taken as the parameter
values corresponding to the Tc evaluated for each sample, while the respective uncertainties
were determined as the maximum deviations from the estimated values throughout the whole
uncertainty range allowed for Tc. These results are summarized in table 2.

Table 2 clarifies that, even considering their uncertainties, the best fit values of s
corresponding to this approximation are completely unreasonable and have never been reported
in any previous study. Also J appears to be very problematic, since, to our knowledge, only
Bjornängen et al [31] have reported compatible values.
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Figure 3. Best fits of experimental data to equation (6) in the general intermediate case for samples
WI3B 1 (a) and WI3C 1 (b). Fits are represented by solid lines, single contributions by dashed and
dotted lines, as indicated. The DOS term is plotted in absolute value. The corresponding parameter
values are reported in table 2.

The experimental results for �σ and the best fits corresponding to the parameter values
listed in table 2 are shown in figure 3. From the point of view of the experimental
results, this figure shows that our data have the same qualitative behaviour already reported
for Bi-2212 whiskers [44], single crystals [19, 20, 34, 41] and thin films [45], and for
YBa2Cu2O7−δ (YBCO) epitaxial thin films as well [15]. In particular, they share with previous
results the order of magnitude of �σ near Tc [18, 32, 34, 41], the fact that �σ is sample
dependent [5, 15, 18–20, 26, 31, 34, 41, 44] and the same dependence on the cross section
already shown by Latyshev et al [44] in Bi-2212 whiskers. From the point of view of the
data interpretation, figure 3 shows that it was possible to obtain a good fit for the experimental
results to equation (6) only in somewhat limited temperature ranges (0.017 � ε � 0.09 for
sample WI3B 1 and 0.026 � ε � 0.10 for sample WI3C 1) and that, according to the present
approximation, the DOS contribution should be significant, because it ranges from 45% to 84%
of the AL term throughout the fitted temperature range for the two samples.

Even though the difficulties with the s parameter are insurmountable and led us to reject
this data interpretation, it should be noted that within the framework of equation (6) the general
intermediate case of the fluctuation theory appears to be very appropriate, since the calculation
of the ratio 4πτkBT/h̄ from the temperature ranges of the fits and from the τ values reported
in table 2 gives 4πτkBT/h̄ = 0.62–0.66 and 4πτkBT/h̄ = 1.53–1.65 for sample WI3B 1 and
sample WI3C 1, respectively.

In order to seek for further comparison between our results and previous studies, we
subsequently tried to fit our experimental data to the truncated formula of equation (6) in the
clean limit case, which implies changing the general definitions of r and k for the intermediate
case into

r(T ) = 7ζ(3)J 2

8π2(kBT )2
and (7)

k(T ) = 8π2(τkBT )2

7ζ(3)h̄2 , (8)

respectively, where ζ(x) is the Riemann zeta function. It is worth stressing that this limit would
require the condition 4πτkBT/h̄ � 1 to be fulfilled, which is not the case of our experimental
data, since 4πτkBT/h̄ = 1.65 as an upper limit. Nevertheless, such an unwarranted assumption
could shed some light on the role played by the different approximations of the theory and
therefore has been pursued by using exactly the same absolute temperature T ranges and the
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Figure 4. Behaviour of χ̃2 (——), s (— · · —), τ (— · —) and J (——) as a function of Tc for
samples WI3B 1 (a) and WI3C 1 (b) obtained by fitting the experimental data to equation (6) in
the clean limit case. χ̃2 and τ values are referred to the left axis, s and J are referred to the right
axis. Due to graphical reasons, the J values are divided by a factor of 10 in both panels, while τ is
divided by a factor of 2 in panel (b) only.

Table 3. Best fit parameters corresponding to the fit of experimental data of both samples
to equation (6) in the clean limit case. χ̃2

min indicates the absolute minimum of χ̃2, where
χ̃2 = χ2/d.o.f. and d.o.f. = 10 for sample WI3B 1 and d.o.f. = 9 for sample WI3C 1.

Sample Tc (K) χ̃2
min s (Å) τ (10−14 s) J (K)

WI3B 1 78.05 ± 0.22 0.14 6.36+0.03
−0.23 0.97+0.11

−0.02 17+11
−17

WI3C 1 75.77 ± 0.38 0.56 2.91+0.02
−0.17 1.75+0.07

−0.02 21+17
−21

same procedure as the fits to equation (6) in the intermediate case, which has been illustrated
in figures 2 and 3.

In figure 4 the behaviours of χ̃2 as a function of Tc are reported for both samples. It is
apparent that, also in this new approximation, well-defined minimum regions of χ̃2 exist with
reasonable values of χ̃2

min. Therefore, it was possible to apply the above-mentioned procedure
for the estimation of the values of Tc and of the other parameters, along with their uncertainties.
The results are displayed in table 3.

By comparing the χ̃2
min values reported in tables 2 and 3, it is clear that basically both

approximations can account equally well for the experimental data. As far as s is concerned,
the clean limit case induces an increase by a factor of 13–17 with respect to the intermediate
case, which makes the resulting values quite similar to the d values obtained by the pure 2D AL
law used for the preliminary estimation of Tc. In spite of the fact that such results are sample
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Figure 5. Best fits of the experimental data to equation (6) in the clean limit case for samples
WI3B 1 (a) and WI3C 1 (b). Fits are represented by solid lines, single contributions by dashed and
dotted lines, as indicated. The DOS term is plotted in absolute value. The corresponding parameter
values are reported in table 3.

dependent and have no definite correspondence with the crystal structure, they are nearly
identical to the values s = 7–8 Å reported by some authors for Bi-2212 [12, 44, 46, 47]. On the
other hand, a decrease of a factor between 20 and 40 occurs for the values of the J parameter, so
that the results corresponding to the clean limit case appear to be compatible with the ones from
several previous studies on Bi-2212 [11, 12, 25, 27, 30, 34], on (Tl,Hg)2Ba2Ca2Cu3O10+δ [10]
and on Tl2Ba2CaCu2O8+y [32] single crystals. Finally, it can be observed that, in the present
approximation, τ increases by amounts of 46% and of 110% for samples WI3B 1 and WI3C 1,
respectively, and consequently 4πτkBT/h̄ = 2.4 as the maximum value. This means that
the erroneous assumption 4πτkBT/h̄ � 1 seems not too far from being satisfied in a self-
consistent way when one fails to correctly try the intermediate case, due to a sort of self-
enhancement effect.

The best fits corresponding to the parameter values listed in table 3 are reported in figure 5.
They show that such combinations of the parameters result in a remarkable decrease of the
importance of the DOS term with respect to the intermediate case: this contribution ranges
between only 3% and 32% of the AL term for the two samples. This result clarifies that
the form of the k coefficient plays a key role in determining the relative importance of the
different processes involved in the paraconductivity and, along with the similarity between the
s values of the clean limit case and the d values of the pure 2D AL law, shows that these two
treatments are practically equivalent. Therefore, according to the present non-self-consistent
approximation, it could be stated that the AL process is dominant and that the DOS term is only
a minor correction, with no need of the Maki–Thompson process to explain the experimental
data. Although this is the hierarchy commonly accepted among the various paraconductivity
contributions, our analysis demonstrates that the hypotheses leading to such a conclusion are
not justified in our experiment. In order to be self-consistent, one should return to the general
intermediate case of equation (6), but this would generate unacceptable values of s.

On the basis of such an unsatisfactory situation, we were induced to reconsider the choice
of excluding any role of the MT process in the interpretation of the data. Therefore we resorted
to the full thermodynamical fluctuation theory described by equations (1)–(5), which means
that τφ was restored as a free parameter because of the reintroduction of the anomalous Maki–
Thompson term. The intermediate case of the theory was applied by means of the general
procedure described above.

The contour plots of χ̃2 are shown in figure 6 for the investigated portions of the (s, Tc)

plane. It is apparent that both samples show a wide minimum which is much more sensitive to
the variations of Tc than of s.
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Figure 6. Contour plots of the reduced chi square χ̃2 = χ2/d.o.f. in the (s, Tc) plane obtained by
fitting the experimental data of samples WI3B 1 (a) and WI3C 1 (b) to equation (1) in the general
intermediate case. d.o.f. = 18 for both samples. Contiguous lines are variably spaced.

Table 4. Best fit parameters deduced from fitting the experimental data of both samples to
equation (1) in the general intermediate case by fixing s = 15 Å. χ̃2

min indicates the absolute
minimum of χ̃2, where χ̃2 = χ2/d.o.f. and d.o.f. = 18 for both samples.

Sample Tc (K) χ̃2
min τφ (10−12 s) τ (10−14 s) J (K)

WI3B 1 78.5 ± 0.4 0.23 1.1+1.5
−0.3 1.77+0.01

−0.04 35+25
−35

WI3C 1 76.2 ± 0.1 0.20 3.0 ± 0.6 2.77+0.03
−0.05 14+6

−14

In figure 7 the contour plots are presented for the best fit values of τφ , τ and J . These
results confirm the relatively low dependence on the value of s; the dependence on Tc is also
rather weak for τφ and τ , while J shows much stronger variations. It is worth stressing that the
fit results are very similar for both samples, which confirms the reliability of the analysis.

Since the structure of the results clearly shows that s has only a minor influence both
on χ̃2 and on the values of the remaining parameters, it follows that it is not possible to
select its best fit value in a reliable way by considering only the information coming from
the minimization procedure. We therefore exploited the knowledge of the Bi-2212 structure
provided by crystallographic studies and decided to fix s = 15 Å, as expected from the presence
of two Cu–O bilayers per unit cell. The corresponding behaviours for all the relevant quantities
are compared in figure 8 as a function of Tc.

The χ̃2 minimum regions can be clearly identified for both samples and show very
reasonable values of χ̃2

min. Therefore, it was possible to apply the usual procedure for the
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Figure 7. Contour plots of the phase-breaking time τφ (panels (a) and (b)), of the quasiparticle
scattering time τ (panels (c) and (d)) and of the hopping energy between adjacent layers J (panels
(e) and (f)) for the fits to equation (1) in the general intermediate case. Panels (a), (c) and (e) refer
to sample WI3B 1, while panels (b), (d) and (f) correspond to sample WI3C 1. Labels are in units
of 10−12 s for τφ , in units of 10−14 s for τ and in units of kelvin for J .

estimation of Tc, τφ , τ , J and their respective uncertainties. They are reported in table 4, while
the best fits corresponding to the estimated parameters are shown in figure 9.

It is apparent that the theory fits the data of both samples excellently in the reduced
temperature ranges 0.021 � ε � 0.148 for sample WI3B 1 and 0.026 � ε � 0.155 for
sample WI3C 1, which are considerably larger than the validity ranges of the two previous
descriptions without the MT terms.

Regarding the parameters, we note that the Tc values, even if slightly larger than the
ones reported in tables 2 and 3, are both within the Tc ranges estimated in a preliminary
way by means of the pure 2D AL law. We also observe that the values deduced for
J and τ are fully consistent with previous studies for Bi-2212 [11, 12, 25, 27, 30, 34],
while the τφ values are, to our knowledge, the largest ever reported for any HTSC
compound [10–12, 22, 24–27, 29–32, 34]. Correspondingly, the anomalous MT terms exceed
all the other contributions by at least a factor of 2 over the whole temperature range, which
would call for a reassessment of the commonly accepted hierarchy.

Therefore, such a situation deserves some further analysis. It should be noted that τφ is a
fundamental parameter of the weak localization theory [48] and, as such, it has been extensively
studied both from a theoretical and from an experimental point of view in several different
systems. At T � 20 K it is generally accepted that the electron–phonon interaction is by far the
most important source of dephasing for each electron and the temperature dependence law most
commonly observed in metals is τφ ∝ T −2 because of the interference between the electron–
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Figure 8. Behaviour of χ̃2 (——), τφ (- - - -), τ (— · —) and J (——) along the s = 15 Å section
of the (s, Tc) plane for the fits of samples WI3B 1 (a) and WI3C 1 (b) to equation (1) in the general
intermediate case. χ̃2, τφ , τ values are referred to the left axis, J is referred to the right axis.

Figure 9. Best fits of the experimental data to equation (1) in the general intermediate case for
samples WI3B 1 (a) and WI3C 1 (b). Fits are represented by solid lines, single contributions by
dashed and dotted lines, as indicated. Negative terms (i.e. DOS and MT(reg)) are plotted in absolute
values. The corresponding parameter values are reported in table 4.

impurity and the electron–transverse phonon scattering [49, 50]. Electron–phonon scattering
times τe,ph ≈ τφ of the order of 10−13–10−12 s at T ≈ 80 K can be deduced from the high-
temperature extrapolation of the theoretical law followed by the experimental results in many
metallic systems, e.g. CuCr wires [51] and Al, Au, Mg, Nb, NbC and Be films [49, 50, 52–54].
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Figure 10. Best fits of the experimental data to equation (1) in the general intermediate case for
samples WI3B 1 (a) and WI3C 1 (b), obtained by fixing s = 15 Å and the Tc values according to
the results from table 4 and by using the definition of k̃ from [8]. Fits are represented by solid lines,
single contributions by dashed and dotted lines, as indicated. Negative terms (i.e. DOS and MT(reg))
are plotted in absolute values. The corresponding parameter values are reported in table 5.

Table 5. Best fit parameters corresponding to the fits of the experimental data of both samples
to equation (1) in the general intermediate case, obtained by fixing s = 15 Å and the Tc values
according to the results from table 4. Unlike table 4, the definition of k̃ follows [8]. χ̃2 = χ2/d.o.f.
and d.o.f. = 18 for both samples.

Sample Tc (K) χ̃2 τφ (10−12 s) τ (10−14 s) J (K)

WI3B 1 78.5 0.20 0.71 2.45 28
WI3C 1 76.2 0.33 1.86 3.58 6.8

On the other hand, several measurements of τφ have also been performed in semiconducting
structures, where dephasing times of the same orders of magnitude can be inferred from the
experiments in open InGaAs quantum dots [55] and in GaAs quantum wires [56]. Actually, a
dephasing time as long as 11 × 10−12 s at T = 75 K has been measured in epitaxial InGaAs
quantum dots [57], confirming that similar τφ values are possible for electron systems that are
strongly confined in a multiple layer structure.

Remembering that the form of the k coefficient had already been shown to have great
importance in determining the relative weight of the different contributions to the excess
conductivity, we have suspected that a similar influence was held by the coefficient k̃ as well.
Therefore we determined whether our new result could be due to the difference between the
definition of k̃ used in the present paper and the slightly different one reported in [8]. Therefore,
the fits were repeated under exactly the same conditions and using the same procedure (except
for the definition of k̃) by using the Tc values listed in table 4. The parameter values
corresponding to the best fits achievable according to this procedure are listed in table 5 and
the corresponding fits are displayed in figure 10.

Table 5 shows that a τφ decrease by 38% was observed in both samples in comparison with
the results listed in table 4, together with an increase of τ (29–38%) and a decrease of J (20–
50%). However, figure 10 clarifies that these changes were not large enough to significantly
modify the new hierarchy among the contributions: the anomalous MT terms were only slightly
reduced (<5%), the AL terms increased by less than 4% and the DOS term increase, even
if important (32–35%), did not allow it to equal the anomalous MT contribution. The most
important effect in using the formula of [8] was the reduction of the regular MT terms, which
were depressed by 62–69%, as expected both from the additional 1/2 factor and from the
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increase of τ in the ψ ′′(1/2) coefficient of k̃. The fits reported in figure 10 show that almost
all of this reduction was counterbalanced by the only other negative term, i.e. the DOS term,
which increased accordingly. This allowed us to conclude that the correction in the definition
of the coefficient k̃ seems to play only a minor role in our results.

In order to acquire further confidence in our analysis, we cross-checked its implications
by computing ξc(0) = s

√
r(Tc)/2 and obtained ξc(0) = 0.8 Å and ξc(0) = 0.4 Å for

samples WI3B 1 and WI3C 1, respectively. Such values are in general agreement with previous
experiments on Bi-2212 [16, 18, 19, 58]. Also the Fermi level EF can be estimated in the Drude
framework from ρn

a and the microscopic parameters via the formula EF = h̄2πs/(e2τρn
a ).

This gives 0.71 and 0.54 eV for samples WI3B 1 and WI3C 1, respectively, which have to
be considered as upper limits of the real values, because of the assumption of a cylindrical
Fermi surface underlying the theory. These energies are fairly similar to those obtained by a
previous analysis of the same kind performed on thin films [27] and agree well with the band
structure calculated from first principles for Bi-2212 [59]. Moreover, the same framework
provides carrier densities n = m∗/(e2τρn

a ) about 1.5–1.9 × 1021 cm−3 for the two samples, if
the free electron mass is assumed for the effective carrier mass m∗. This estimate lies in the
same range of a determination by chemical methods [60] and within a factor of 2–3 from the
results obtained by Hall coefficient measurements [61–63].

Moreover, the results listed in table 2 imply that 4πτkBT/h̄ = 2.3–4.0, confirming that
the clean limit 4πτkBT/h̄ � 1 is not fully reached for these crystals. We also note that
τφ/τ ≈ 60–110, therefore fulfilling the requirement τφ > τ for the inelastic versus elastic
scattering and showing that about one hundred scattering events are required before the MT
pairs are decoupled. The comparison between the phase-breaking γφ and the anisotropy
r parameters shows that γφ/r ≈ 1.2–1.8 and therefore neither the weak (�1) nor the
strong (�1) limit can be considered for the phase-breaking intensity. We obtain for the
interlayer tunnelling rates J 2τ/h̄2 ≈ 0.9–3.7 × 1011 s−1 and for the phase-breaking rates
τ−1
φ ≈ 3.3–8.7 × 1011 s−1. Therefore, the ratio between the two rates, τ−1

φ /(J 2τ/h̄2), is about

2.3–3.6, so that the condition for incoherent tunnelling along the c-axis (τ−1
φ /(J 2τ/h̄2) > 1)

holds, although only marginally. Consequently, Josephson effect precursor phenomena cannot
be excluded a priori in similar systems. Finally, we note that these results, by asserting that the
MT contribution is far from vanishing, imply that the s-wave symmetry should be an important
component of the order parameter for T � Tc [9, 28]. This is the same conclusion already
reached for T � Tc by recent experiments on the c-axis Josephson tunnelling across twisted Bi-
2212 bicrystals [64] and on angle-resolved in-plane electron tunnelling for untwinned YBCO
films [65]. Furthermore, our observation of a marginally incoherent tunnelling in the c-axis
direction could support Klemm’s interpretation [66] of another twist tunnelling experiment in
overdoped Bi-2212 whiskers, according to which the results by Takano et al [67] are consistent
with an s-wave symmetry accompanied by an intrinsically coherent c-axis tunnelling and a
hot-spot Fermi surface.

4. Conclusions

The high quality of the experimental data and the very careful fitting procedure has allowed
us to show that the MT process may be an important contribution to the excess conductivity
originating from the superconducting fluctuations above Tc in crystals with micrometric
transverse sizes and that the microscopic parameters of the material can be reliably extracted
from the analysis of the paraconductivity. The lack of self-consistency in more traditional
alternative interpretations has also been illustrated. Because of the novelty of the results of our
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analysis, it would perhaps be useful to perform new paraconductivity experiments in non-zero
magnetic field on high-quality freshly grown crystals. Nevertheless our conclusions give an
indication for an important s-wave symmetry component in the order parameter of Bi-2212 at
T � Tc.
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